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Abstract. Particle Swarm Optimization (PSO) is a metaheuristic that
is highly used to solve mono- and multi-objective optimization problems.
Two well-differentiated PSO versions have been defined – one that op-
erates in a continuous solution space and one for binary spaces. In this
paper, a new version of the Binary PSO algorithm is presented. This
version improves its operation by a suitable positioning of the velocity
vector. To achieve this, a new modified version of the continuous gBest
PSO algorithm is used. The method proposed has been compared with
two alternative methods to solve four known test functions. The results
obtained have been satisfactory.
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1 Introduction

Particle Swarm Optimization (PSO) is a metaheuristic proposed by Kennedy and
Eberhart [1]. Its operation is based on the simulation of simple social models,
and it has been successfully used in function optimization, as well as in neural
network training [2].

There are different versions that were developed from the original idea, most
of them related to the variation of various algorithm parameters or to the com-
bination and variation of various topologies, sizes, and number of populations
[3][4][5][6]. Variations of the algorithm with changes in the way particle velocity
is updated have also been proposed, aimed at achieving diversity and avoiding
stagnation in the search process [7] [8] [9].

In [10], Kennedy and Eberhart introduced a discrete binary version of PSO for
discrete optimization problems. With binary PSO, each particle is represented
as a string of zeros and ones. Unlike the continuous version, the discrete version
uses the velocity vector as a probability function that allows deciding the value
that should take each binary digit that determines the position of the individual.

This paper is organizedas follows: In Section 2, the basic components of the PSO
algorithm, both in its continuous and binary versions, are described. In Section 3,
the method proposed is described, as well as the differences with its original ver-
sion. In Section 4, the results obtained when comparing the performance of the new
algorithm with other binary versions are presented. Finally, Section 5 includes a
summary of this paper highlighting the most relevant aspects.
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2 Particle Swarm Optimization

2.1 Continuous Particle Swarm Optimization

In PSO, each individual represents a possible solution to the problem and adapts
following three factors: its knowledge of the environment (its fitness value), its
previous experiences (its memory), and the previous experiences of the indi-
viduals in its neighborhood [1]. In this type of technique, each individual is in
continuous movement within the search space and never dies.

Each particle is composed by three vectors and two fitness values:

– Vector xi = (xi1, xi2, . . . , xin) stores the current position of the particle
– Vector pBesti = (pi1, pi2, . . . , pin) stores the best solution found for the

particle
– Velocity vector vi = (vi1, vi2, . . . , vin) stores the gradient (direction) based

on which the particle will move.
– The fitness value fitness xi stores the suitability value of the current

solution.
– The fitness value fitness pBesti stores the suitability value of the best local

solution found so far (vector pBesti)

The position of a particle is updated as follows:

xi(t + 1) = xi(t) + vi(t + 1) (1)

As explained above, the velocity vector is modified taking into account its expe-
rience and environment. The expression is:

vi(t + 1) = w.vi(t) + ϕ1.rand1.(pi–xi(t)) + ϕ2.rand2.(gi–xi(t)) (2)

where w represents the inertia factor [12], ϕ1 and ϕ2 are acceleration constants,
rand1 and rand2 are random values belonging to the (0,1) interval, and gi repre-
sents the position of the particle with the best pBest fitness in the environment of
xi (lBest or localbest) or the entire swarm (gBest or globalbest). The values of w,
ϕ1 and ϕ2 are important to ensure the convergence of the algorithm. For detailed
information regarding the selection of these values, please see [13] and [14].

2.2 Binary Particle Swarm Optimization

PSO was originally developed for a space of continuous values and it therefore
poses several problems for spaces of discrete values where the variable domain
is finite. Kennedy and Eberhart [10] presented a discrete binary version of PSO
for these discrete optimization problems.

In binary PSO, each particle uses binary values to represent its current posi-
tion and the position of the best solution found. The velocity vector is updated
as in the continuous version, but determining the probability that each bit of the
position vector becomes 1. Since this is a probability, the velocity vector should
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be mapped in such a way that it only contains values within the [0,1] range. To
this end, the sigmoid function indicated in (3) is applied to each of its values.

v′ij(t) = sig(vij(t)) =
1

1 + e−vij(t)
(3)

Then, the particle position vector is updated as follows

xij(t + 1) =
{

1 if randij < sig(vij(t + 1))
0 if not

(4)

where randij is a number ramdomly generated by an uniform pdf in [0,1].
It should be mentioned that the incorporation of the sigmoid function radically

changes the way in which the velocity vector is used to update the position of the
particle. In continuous PSO, the velocity vector takes on higher values first to
facilitate the exploration of the solution space, and then reduces them to allow
the particle to stabilize. In binary PSO, the opposite procedure is applied. Each
particle increases its exploratory ability as the velocity vector reduces its value;
that is, when vij tends to zero, lim

t→∞ sig(vij(t)) = 0.5, thus allowing each binary
digit to take a value of 1 with a probability of 0.5. This means that it could
take on either value. On the contrary, when the velocity vector value increases,
lim

t→∞ sig(vij(t)) = 1, and therefore all bits will change to 1, whereas when the

velocity vector value decreases, taking negative values, lim
t→∞ sig(vij(t)) = 0 and

all bits will change to 0. It should be noted that, by limiting the velocity vector
values between −3 and 3, sig(vij) ∈ [0.0474, 0.9526], whereas for values above 5,
sig(vij) � 1 and for values below −5, sig(vij) � 0.

3 Binary PSO with Velocity Control. Method Proposed.

Based on the observations of the behavior of the velocity vector in the binary
PSO algorithm defined in [10], and on the importance of correctly calculating
the probabilities that allow changing each binary digit, a modified version of the
original PSO algorithm to modify the velocity vector is proposed.

Under this new scheme, each particle will have two velocity vectors, v1 and
v2. The first one is updated according to (5).

v1i(t + 1) = w.v1i(t) + ϕ1.rand1.(2 ∗ pi − 1) + ϕ2.rand2.(2 ∗ gi − 1) (5)

where the variables rand1, rand2, ϕ1 and ϕ2 operate in the same way as in (3).
The values pi and gi correspond to the ith binary digit of the pBesti and gBest
vectors, respectively.

The most significant difference between (3) and (5) is that in the latter, the shift
ofvectorv1 in thedirections corresponding to thebest solution foundbytheparticle
and the best global solution does not depend on the current position of the particle.
Then, each element of the velocity vector v1 is controlled by applying (6)

v1ij(t) =

⎧⎨
⎩

δ1j if v1ij(t) > δ1j

−δ1j if v1ij(t) ≤ −δ1j

v1ij(t) if not
(6)
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where

δ1j =
limit1upperj − limit1lowerj

2
(7)

That is, velocity vector v1 is calculated with (5) and controlled with (6). Its
value is used to update velocity vector v2, as shown in (8).

v2(t + 1) = v2(t) + v1(t + 1) (8)

Vector v2 is also controlled as vector v1 by changing limit1upperj and limit1lowerj

by limit2upperj and limit2lowerj , respectively. This will yield δ2j , which will be
used as in (6) to limit the values of v2. Then, the new position of the particle is
calculated with (4) using the values of v2 as arguments of the sigmoid function.

4 Results Obtained

In this section, the performance of the proposed binary PSO variation will be
compared to the performance of the method proposed by Kennedy and Eberhart
in [10] and the binary PSO defined in [11]. A known set of N-dimensional test
functions was minimized.

Forty independent runs were performed for each of the methods using 2,000
iterations. N=3, 5,10 and 20 variables were used. Population size was always 20
particles. The values of limit1 and limit2 are the same for all variables; [0; 1] and
[0; 6], respectively. Thus, probabilities within the interval [0.0474, 0.9526] can be
obtained. The values for ϕ1 and ϕ2 were set at 0.25 in all cases. As regards [10]
and [11] methods, velicty limits were set within [−3, 3] in order to keep the same
range of probabilities.

The test functions used were Sphere, Rosenbrock, Griewangk, and Rastrigin,
which were assigned numbers 1 to 4, respectively.

In table 1, the fitness value for the best solution found by each method is
shown, as well as the average best fitness value for all 40 runs.

As it can be observed, the method proposed finds the best solutions and has
the lowest average fitness values.

Table 2 indicates whether the results obtained are significant. The symbol �
was used to represent that p − value < 0.05, indicating that the null hypothe-
sis must be rejected. The test carried out is of the lower tail type, whose null
hypothesis states that the mean of the method indicated on the corresponding
row is not lower than the mean of the method indicated on the corresponding
column. The symbol � indicates that the null hypothesis is not rejected.

Figure 1 shows the plot box diagrams calculated with the best results obtained
in each of the 40 runs. Each column corresponds to a different function. Diagrams
on the same row correspond to the same number of variables. From top to
bottom, rows 1, 2, 3 and 4 correspond to the results obtained when assessing the
functions with 3, 5, 10 and 20 variables, respectively. In each figure, methods
are numbered from 1 to 3 and correspond to: the method proposed, Binary PSO
from [10], and Binary PSO from [11], respectively. As it can be seen, the method
proposed offers better solutions than the other two PSO alternatives.
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Table 1. Results obtained

Proposed method Binary PSO [10] Binary PSO [11]

Nro. Nro. Best Average Best Average Best Average

Var Funct Fitness best Fitness Fitness best Fitness Fitness best Fitness

3 1 0 0 0 1,2e-09 1,8e-08 6,3e-07

3 2 7,0e-04 2,8 1,1e-05 3,0 2,0e-03 5,6

3 3 2,1e-09 3,3e-03 2,1e-09 6,8e-03 4,2e-06 8,8e-03

3 4 5,4e-08 5,4e-08 5,4e-08 5,4e-08 8,9e-06 7,6e-04

5 1 0,0 3,1e-09 1,4e-07 1,3e-05 1,7e-04 1,2e-03

5 2 2,2 28,7 2,1 111,5 7,2 278,3

5 3 2,6e-09 8,2e-03 1,6e-03 2,0e-02 1,9e-02 6,6e-02

5 4 9,0e-08 1,3e-07 2,3e-04 5,1e-01 5,0e-01 3,7

10 1 8,2e-05 9,8e-04 1,3e-02 7,1e-02 9,7e-02 6,2e-01

10 2 7,3 141,0 334,0 2812,8 92013,0 613510,0

10 3 1,3e-02 7,6e-02 7,7e-02 1,9e-01 5,2e-01 7,3e-01

10 4 0,8 4,3 7,5 15,3 13,7 44,0

20 1 3,3e-01 8,1e-01 1,7e+00 3,9e+00 1,2e+01 1,9e+01

20 2 1865,9 10105 2,8e+05 1,2e+07 1,2e+08 5,0e+08

20 3 1,4e-01 2,7e-01 9,3e-01 1,0e+00 1,3e+00 1,4e+00

20 4 27,7 43,0 52,7 88,9 169,8 215,2

Table 2. Results of hypothesis tests

nro Método Proposed Binary PSO Binary PSO

Var. Binary PSO [10] [11]

3 Proposed binary PSO � � � � � � � �
3 Binary PSO [10] � � � � � � � �
3 Binary PSO [11] � � � � � � � �
5 Proposed binary PSO � � � � � � � �
5 Binary PSO [10] � � � � � � � �
5 Binary PSO[11] � � � � � � � �
10 Proposed binary PSO � � � � � � � �
10 Binary PSO [10] � � � � � � � �
10 Binary PSO [11] � � � � � � � �
20 Proposed binary PSO � � � � � � � �
20 Binary PSO [10] � � � � � � � �
20 Binary PSO [11] � � � � � � � �
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Fig. 1. Boxplots corresponding to the best solutions obtained in each of the 40 in-
dependent runs. The method is indicated on the x-axis: 1 = Method proposed, 2 =
Binary PSO from [10] and 3 = Binary PSO from [11]. Each row indicates the results
obtained with 3, 5, 10 and 20 variables.

Figure 2 is organized in a similar fashion. It shows the boxplots corresponding
to the average fitness of each of the 40 runs performed for each function and for
each number of variables considered. The populational diversity of each method
can be observed there. In general, based on box heights, it can be said that,
even though the method from [11] presents the greater inter-quartile ranges, its
solutions are the worst. As for the method proposed and the Binary PSO from
[10], ranges are equivalent.
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Fig. 2. Boxplots corresponding to the average fitness of each of the 40 independent
runs. The method is indicated on the x-axis: 1 = Method proposed, 2 = Binary PSO
from [10] and 3 = Binary PSO from [11]. Each row indicates the results obtained with
3, 5, 10 and 20 variables.

5 Conclusions

A variation of the binary PSO method originally proposed in [10] that controls
velocity vector changes by using a variation of the continuous PSO method has
been presented.

The results obtained by minimizing a set of test functions are better than those
obtained with the methods defined in [10] and [11] for all the cases assessed.

Table 2 shows that, as the number of variables used increases, the difference
in means becomes more significant.
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Figure 1 shows that, in most of the runs, the results obtained with the method
proposed have been better than those obtained with the other two methods.

Similarly, Figure 2 shows that the method proposed generates the best popula-
tion average fitness results, at least for the test functions assessed. If we consider
the average fitness inter-quartile range (height of the boxplots in Figure 2), it
can be stated that the method proposed in this paper and the Binary PSO from
[10] are equivalent, the best solutions being offered by the former.

Currently, our research is focused on measuring the performance of the al-
gorithm proposed with an increasing number of dimensions in the problem, in
order to apply the algorithm to real-world problem resolution.

It would also be interesting to analyze its performance using variable-size PSO
[6]. This would allow adapting the swarm size based on the complexity of the
problem to solve.
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